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Abstract
We consider a certain extension of the Einstein’s elevator thought
experiment by assuming that the elevator is charged and falls into
an electromagnetic field. We argue, on grounds of the Equivalence
Principle, that an observer-dependent metric should exist, for which
the geodesics coincide with the trajectories of the charged body in the
electromagnetic field. We give a solution to this problem by finding
∗e-mail: maciej.trzetrzelewski@gmail.com
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such a metric and hence we are able to recover the Lorentz-force law.
Recovery of the leading terms of the radiation reaction force is also
possible with this approach.
1 Introduction
In this paper we consider a particular modification of Einstein’s eleva-
tor thought experiment. We will assume that the elevator is charged
and falling freely with an observer inside it. It follows that there is no
electromagnetic field inside the elevator; moreover, the observer can-
not even tell if the elevator is indeed charged. At this stage the relative
distance between the observer and the elevators walls are constant in
time.
We then assume that the elevator falls into a region with an electric
field and so starts accelerating towards the observer; i.e. the relative
distance between the observer and one on the elevator’s walls starts
decreasing. At some point one of the elevator’s walls will hit the ob-
server and the observer will start accelerating with the same trajectory
as the elevator. Entering the electromagnetic field is the real cause of
this acceleration. However, the observer cannot conclude this unam-
biguously as he cannot detect the electromagnetic field locally. The
observer may suspect that the elevator is charged and that it has en-
tered a region with an electric field, but he may as well conclude that
the elevator has hit another body (e.g. it has landed), which would
explain why the observer now accelerates towards one side of the ele-
vator. We have therefore arrived at the following consequence of the
equivalence principle: under the above assumptions, the observer can-
not locally distinguish between a (fictitious) gravitational filed and a
(real) electromagnetic one.
2 Equivalence of equations of motion
From the charged elevator thought experiment, it follows that the tra-
jectory given by the Lorentz force equation should coincide with the
geodesic in an appropriately chosen metric depending on the electro-
magnetic potential. Therefore, we will be looking for a metric gµν
which depends on the electromagnetic field Aµ in such a way that the
equations for the geodesics imply equations of motion for a charged
particle in the electromagnetic field. In doing so we are allowed to use
2
the dimensional parameters of the problem i.e. the charge q and the
massm of the body. The anticipated metric has to depend on q andm
if we want to derive the Lorentz force equation from the geodesic one,
therefore the metric we are looking for will be observer dependent.
This is not a concern since the metric gµν is fictitious and, by con-
struction (of the thought experiment), may depend on the observer’s
parameters.
Because the metric should be symmetric in indices a natural guess
is
gµν = ηµν + k
q2
m2
AµAν , (1)
where the coefficient q2/m2 is chosen such that the metric is dimen-
sionless (we work with c = 1 units), k is some dimensionless param-
eter, and the signature of the metric is (+,−,−,−). The metric (1)
is observer dependent i.e. it depends on the ratio q/m. Therefore,
observers with different q/m ratios will not agree on the metric. This
however does not raise any issues since the thought experiment with
the charged elevator does not imply that there should be unique metric
for all observers.
A reader familiar with the Kaluza-Klein ansatz [1] will notice that
(1) is almost an identical one, therefore one might suspect that we are
making a connection to the Kaluza-Klein theory. However, there are
differences: most importantly, our approach is very much rooted in
the Equivalence Principle in 4D. We are not attempting to geometrize
electromdynamics, but rather to present it from a different view in
4D. Clearly, unlike in Kaluza-Klein theory, we are not making any
unverified assumptions about the dimensionality of space-time or new
field content/dynamics (in the Kaluza-Klein approach, a counterpart
of k q
2
m2
in (1) is g55 - the 5th diagonal component of the 5D metric).
One might say that the price we are paying for this 4D picture is the
universality of the metric i.e. the metric (1) is observer dependent.
There are however additional benefits of our approach as we are able
to recover not only the Lorentz-force law (as will be shown in this
section) but also the leading terms of the radiation reaction force (see
Section 7).
Note also that the metric (1) is not gauge invariant. This signals
that the ansatz (1) is already in a certain gauge, i.e. the gauge for Aµ
on the trajectory has already been chosen. In this chapter we will show
that the equivalence of geodesic and Lorentz force equations requires
a certain condition on Aµ on the trajectory. In the next chapter we
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will show that this condition is achievable by gauge transformation
and hence confirm that the form of the metric as in (1) indeed fixes,
albeit implicitly, the gauge choice of Aµ in this problem.
We will now derive a condition under which the equations of motion
for the action
S = −m
∫ √
gµνuµuνdτ, (2)
where uµ = x˙µ is the four-velocity, are equivalent to the Lorentz force
equation. Performing the variation of S w.r.t. xµ we find(
ηµνu
ν√
gu2
).
= k
κ√
gu2
q
m
Fµνu
ν − k q
m
(
κ√
gu2
).
Aµ, (3)
gu2 := gµνu
µuν , κ :=
q
m
Aµu
µ,
where we introduced the symbol gu2 and a key dimensionless quantity
κ. This result should be compared with the corresponding action for
a charged particle and the resulting equations of motion
SA = −m
∫ √
ηµνuµuνdτ − q
∫
Aµu
µdτ, (4)
δxSA = 0 =⇒
(
ηµνu
ν
√
u2
).
=
q
m
Fµνu
ν . (5)
Note that, since we are in curved space-time, the lowering or raising
of the induces should be done by the metric gµν or g
µν , which is why
we kept ηµν explicitly in (3). On the other hand, we want the resulting
equations of motion to be equivalent to Lorentz force equations written
in Minkowski space. In practice, expressions like gµνAµ will appear
rarely, while ones like ηµνAµ will appear quite often. Therefore, in
this paper we will adopt a non-standard convention and use ηµν/ η
µν
to lower/raise indices of Aµ, pµ, x
µ and Fµν . The indices of gµν will
never be raised or lowered; - gµν will always be written explicitly while
gµν is defined as a reciprocal of gµν .
In order to have (3) equivalent to the Lorentz force equation we
should at least get rid of the gauge-dependent term on the RHS of the
equation (3). Therefore, we set
κ√
gu2
= C, (6)
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where C is a constant. It is tempting to set C = 1/k so that the RHS of
(3) is exactly equal to the Lorentz force, but in fact we should not do so
because on the LHS we still have the incorrect factor
√
gu2 instead of√
u2. The definition of gu2 and κ imply that gu2 = u2+kκ2; therefore
the condition (6) gives κ2 = C2u2/(1−kC2), which substituted to (6)
results in
√
gu2 =
1√
1− kC2
√
u2. (7)
The equations of motion are now
p˙µ =
kC√
1− kC2
qFµνu
ν , pµ = muµ/
√
u2, (8)
where we introduced momentum pµ. Now, to recover the Lorentz force
law exactly, all we need to do is set kC =
√
1− kC2, in which case
the condition (6) becomes
qAµp
µ = m2
1
k
. (9)
Therefore, we have arrived at the main result of this paper. We
have shown that there exists an Aµ dependent metric such that the
corresponding geodesic equations are equivalent to the Lorentz force
law equations. The existence of such a metric is a consequence of the
thought experiment with the charged elevator. In the remaining part
of the paper we will clarify the details regarding the gauge choice of
Aµ as well as re-derive the above result directly from the equations of
motions (not the action principle). We shall also investigate what the
Einstein-Hilbert action reduces to, if metric (1) is used. Note that if
we now replace ηµν in (1) with an arbitrary metric hµν , we will arrive
at the Lorentz force law in curved space corresponding to hµν .
3 A gauge choice
Equations κ2 = C2u2/(1 − kC2) and (9) imply that C2 = 1/(k + k2)
and so k ∈ (−∞,−1) ∪ (0,∞) (because C2 is positive and finite).
However, the case k = −1 is interesting since (9) can also be written
as
m
√
u2 − qkAµuµ = 0 (10)
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and so, for k = −1, (10) is equivalent to saying that the Lagrangian
of the charged particle vanishes on real trajectories. As we now show,
this value is also distinguished from the point of view of gauge trans-
formations.
The constraint (9) is a necessary condition for the potential Aµ and
needs to be satisfied on the trajectory of the particle, if the geodesics
for the metric (1) are supposed to coincide with the trajectories of the
charged particle in the electromagnetic field in the Minkowski space.
This constraint is also a necessary one in order to make the equation
(3) gauge invariant. Therefore, we can say that in order to maintain
the gauge invariance of the equation (3), one nevertheless needs to fix
the field Aµ in a marginal way, i.e. on the world-line of the particle.
From this point of view, gauge invariance and equivalence principle
are not independent concepts.
One can look at (9) as some sort of gauge fixing; if A′µ is an arbi-
trary potential then we can always make a gauge transformation
Aµ = A
′
µ + ∂µχ (11)
in such a way that (9) will be satisfied. This is obtained by choosing
a χ such that
qA′µu
µ + qχ˙ = m
√
u2/k
and so
χ =
1
q
∫
γ
(m
k
√
u2 − qA′µuµ
)
dτ, (12)
where γ is the world-line of the particle. Therefore, for k = −1 we
find that the phase qχ is in fact given by the action of the charged
particle for the A′µ field, evaluated at the classical trajectory i.e. by
the Hamilton-Jacobi function. We are not allowed to set k = −1,
but we can set k arbitrarily close to −1 and so our phase qχ can
be arbitrarily close to the Hamilton-Jacobi function. Let us keep k
arbitrary and consider a k dependent Hamilton-Jacobi function
S
(k)
HJ := qχ.
For k = −1 we obtain the usual Hamilton-Jacobi function, which we
will denote by SHJ := S
(−1)
HJ . The relation between S
(k)
HJ and SHJ is
simply
S
(k)
HJ = SHJ +
(
1 +
1
k
)
m
∫
γ
√
u2dτ. (13)
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We shall use this relation later on. Now, in view of (12) the derivative
of S
(k)
HJ and the k dependent Hamilton-Jacobi equation are
∂µS
(k)
HJ =
1
k
pµ − qA′µ, (∂S
(k)
HJ + qA
′)2 = m2/k2 (14)
so we are able to recover the usual Hamilton-Jacobi equation for k = 1
or k = −1. Returning to the gauge transformation (11), we see that
(14) results in
q2AµA
µ = m2/k2. (15)
Consequences of this equation will be discussed in Section 6. Here let
us only note that in view of (15), the determinant of the metric (1) is
det gµν = −1− k
q2
m2
A2 = −1− 1
k
and so gµν would change the signature if we had k ∈ (−1, 0). Now
it is clear that the requirement k ∈ (−∞,−1) ∪ (0,∞), which we
derived earlier, is in fact equivalent to saying that the signature does
not change.
Using the formula for pµ in (14) and (11) we also obtain
pµ = kqAµ (16)
which has to be interpreted as follows: the particle’s direction is indi-
cated by the field Aµ. At this point it is appropriate to state that we
have arrived at the equation (16) by using the equivalence principle
for charged bodies and hence this equation must be regarded as the
necessary condition. However, the LHS of (16) is an observable, while
the RHS is proportional to the electromagnetic potential. Therefore
we must conclude that Aµ is as physical as the momentum.
There are several important consequences of the equation (16).
• First, returning to (13), we obtain another formula for the deriva-
tive of S
(k)
HJ ; therefore, we have
∂µS
(k)
HJ = ∂µSHJ +
(
1 +
1
k
)
pµ. (17)
However ∂µSHJ should satisfy the usual Hamilton-Jacobi equa-
tion (∂SHJ + qA
′)2 = m2. Indeed, using (17) we have
∂µSHJ + qA
′
µ = ∂µS
(k)
HJ + qA
′
µ −
(
1 +
1
k
)
pµ = −pµ (18)
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where in the last step we used the definition of A′µ via gauge
transformation (11) and substituted (16). Now, taking the square
of (18), we arrive at the Hamilton-Jacobi equation for SHJ .
• Second, the equation (18) together with (16) imply that if A′µ
is not pure gauge, then the value of k is unique. To see this,
assume that there are two possible values, k and k¯. Substituting
(16) into (18) and expressing Aµ in terms of A
′
µ via (11), we find
that
∂µSHJ + qA
′
µ = −kqA′µ − k∂µS(k) = −k¯qA′µ − k¯∂µS(k¯) (19)
where in the last step we used the fact that SHJ and A
′
µ are
independent of k and so the whole LHS of (19) is k independent.
This however implies that
A′µ = ∂µ
(
kS(k) − k¯S(k¯)
q(k¯ − k)
)
.
We have therefore arrived at the statement that potential A′µ is
pure gauge. This implies that our assumption about the exis-
tence of k and k¯ is incorrect hence k is unique.
• Third, introducing the generalised momentum piµ = pµ+qAµ we
see that
piµ = pµ
(
1 +
1
k
)
=⇒ pi2 =
(
1 +
1
k
)2
m2
so for k = −1 we would have piµ = 0.
• Forth, by substituting (16) into the Lorentz-force law (34) we
obtain a consistency condition for Aµ, we have
qkA˙µ = qFµνu
ν =⇒ (1 + k)A˙µ = ∂µAνuν .
We see again that k = −1 plays a special role. Contracting the
above equations with uµ we see that for an arbitrary k we have
uµA˙µ = u
µuν∂νAµ = 0.
However, for k = −1 the condition is even stronger
∂µAνp
ν = 0 =⇒ Aν∂µAν = 0, (20)
where we used (16) in the last step.
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4 A normalisation choice
So far we have performed the calculations not imposing normalisation
constraints on uµ. In curved space-time we can always set gu2 = C1
while in Minkowski space we may set u2 = C2, where C1 and C2 are
constants. In our problem we should be able to set these conditions
simultaneously since uµ is the same 4-velocity from both curved space
and from Minkowski space view. That this is possible follows from
the equation (7) which implies that C1 and C2 are not independent,
but satisfy C1 = C2/
√
1− kC2). In fact, we can turn this argument
around and say that: the possibility that C1 and C2 can be set constant
simultaneously implies that κ/
√
gu2 = const. = C3. Therefore, the
condition (6) may have already been deduced at the level of the action
(2) while consistency with the Lorentz force merely implies that C3 =
C (cp. (6)).
It is clearly most convenient to set u2 = 1 and we shall use this
convention in the next section.
5 Consistency check
The fact that condition (9) involves both uµ and Aµ is not a surprise
since the geodesic equation is quadratic in four-velocities, while the
Lorentz-force equation is linear in uµ. Here we investigate this directly
by looking at the geodesic equation
u˙µ + Γµαβu
αuβ = 0. (21)
Moreover, considering the remarks from the previous section, we will
assume that gu2 = const.
A priori it is not obvious that (21) is already equivalent to (8) since
the Christoffel symbols in (21) involve the inverse metric gµν , which
was never used in the previous derivation. The inverse of (1) is
gµν = ηµν − a
µaν
k + a2
, aµ := k
q
m
Aµ (22)
so the Christoffel symbols are
Γµαβ =
1
2k
(
gµνa(αfβ)ν + g
µνaνsαβ
)
, (23)
fµν := ∂[µaν], sµν := ∂(µaν).
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Note that we could at this point take advantage of the condition a2 =
1; however, this turns out not to be necessary (this is expected since
we did not use this condition in Section 2 when deriving the Lorentz
force law). Substituting (23) and (22) into (21) we obtain
u˙µ +
1
k
fβ
µuβ − a
µ
k + a2
(
−1
k
aνfβνu
β +
1
2
sαβu
αuβ
)
= 0, (24)
where we used a · u = 1. Now, we observe that
a · u = 1 =⇒ 1
2
sαβu
αuβ = −aν u˙ν
hence, returning to the Aµ variables, we finally obtain
u˙µ + Γµαβu
αuβ = gµν
(
u˙ν −
q
m
Fναu
α
)
= 0.
The above calculation simultaneously clarifies the following prob-
lem: We used the equivalence principle to argue that the Lorentz force
should be derivable from the geodesic equation. However the inverse
assertion should also be true, i.e. it should be possible to use the
Lorentz force equations and some relation involving gµν and Aµ so
that the resulting equation looks like the geodesic one. Clearly, such
a relation should be as in (1). Then we can use the above calculation
in reverse to arrive at the geodesic equation. (The only caveat in this
argument is related to the question of whether every metric can be
represented as in (1). Globally, this assertion is not true; however,
locally - which is enough here - it is fairly justified since locally one
can make an even stronger choice by introducing the Fermi normal
co-ordinates. Note however that we need to maintain k /∈ [−1, 0].)
6 Einstein’s equations
Because the observer may describe his trajectory using either Lorentz
force law with the field Aµ or the geodesic equation with the metric
(1), it is interesting to see if some equivalence/connection between
the (sourceless) Maxwell action and the (sourceless) Einstein-Hilbert
action (with metric (1)) can be made. Let us therefore investigate
what are the vacuum Einstein equations if the metric (1) is used with
a constraint k2q2A2 = m2.
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To simplify calculations, we will be working with the dimensionless
field aµ as in (22), so that the metric and its inverse are
gµν = ηµν +
1
k
aµaν , g
µν = ηµν − 1
k + 1
aµaν , (25)
where we used a2 = 1. The convention whereby the indices are
raised/lowered by ηµν/ηµν will be very useful in this section.
The condition a2 = 1 results in several identities. We have
aµ∂νaµ = 0, (26)
− aµfµνfνρaρ = aµfµνsνρaρ = aµsµνsνρaρ = (a∂a)2, (27)
where we use a shorthand notation (a∂a)2 = (aµ∂µa
ρ)(aν∂νaρ). Let
us now express the Christoffel symbols in a convenient way as
Γµνρ =
1
2k
a(νfρ)
µ +
1
2(k + 1)
aµsνρ −
1
2k(k + 1)
aµaσa(νfρ)σ, (28)
where fµν and sµν are as in (23). Using (26) we observe that Γ
µ
µν = 0
and so only two terms contribute to the Ricci scalar, they are
R = gµν∂ρΓ
ρ
µν − gµνΓρµσΓσνρ.
Calculating these terms is straightforward using (25), (28) and iden-
tities (26), (27), although it is a bit lengthy. We find that
ηµνΓρµσΓ
σ
νρ = a
µaνΓρµσΓ
σ
νρ = −
1
4k2
fµνf
µν +
1
2k2
(a∂a)2,
aµaν∂ρΓ
ρ
µν =
1
2k
fµνf
µν − 1
k
(a∂a)2 +
1
k
∂µ(a
νfν
µ)
and so, up to the irrelevant total derivative (note that
√−g =
√
1 + 1/k),
the curvature is
R = − 1
4k(k + 1)
fµνf
µν +
1
2k(k + 1)
(a∂a)2. (29)
Returning now to the Aµ variables, we should augment the final La-
grangian by a quadratic term in Aµ so that the constraint k
2q2A2 =
m2 is incorporated at the action level. Finally we arrive at the follow-
ing action principle
S =
1
16piG
∫
d4x
√
− det gR →
11
√
k
k + 1
q2
16piGm2
∫
d4x
[
−1
4
FµνF
µν +
q2k2
2m2
(A∂A)2 + λm2
(
k2q2A2 −m2
)]
(30)
where λ is a dimensionless Lagrange multiplier.
The above action describes the gravitational field as seen locally by
the charged particle with mass m, i.e. when the gµν field is replaced
by Aµ using the map (1). However, since the Einstein-Hilbert action is
non-renormalizable, the action (30) should also have the same issues.
We observe that non-renormalizability of the action (30) is guaranteed
by the (A∂A)2 = −AFFA term. The existence of this term is there-
fore expected (at this point we can also turn this argument around
and say that gravity cannot be renormalizable because of the (A∂A)2
term in (29)).
Moreover, this term is very small compared to the F 2 term and
becomes significant when Aµ ∼ m/qk, i.e. when the field is strong
(e.g. if we consider the Coulomb potential then the (A∂A)2 term
becomes non-negligible at distances of order kq2/m i.e. Compton
wavelength times kq2/2pi). Therefore for weak fields we conclude that
the Einstein-Hilbert action with metric (1) results in (approximately)
Maxwell electrodynamics in Dirac gauge AµA
µ = const.
7 Radiation reaction force
In this section we would like to go further and apply our reasoning
in the case of a radiating body. The thought experiment we consider
should in principle apply also to cases in which the charged elevator is
accelerating and radiating with a rate which is not negligible. We will
therefore search for a generalization of the metric (1) in such a way
that the radiation reaction force appears naturally from the variation
principle.
7.1 Landau-Lifshitz proposal
It is very well known that the Lorentz force equation is only approx-
imate due to the radiation emitted by the accelerated particles. If
the radiation is small, then the Lorentz force equation may be used
however in general a certain modification of the equation is needed
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to account for such an interaction between a particle and a field. A
standard result in this regard is the Abraham-Lorentz-Dirac force [2]
u˙µ =
q
m
Fµνu
ν + aµ, aµ :=
2
3
e2
m
(u¨µ + u˙2uµ) (31)
, where Fµν = ηναF
µα.
To remove the derivatives of the four-velocity uµ in aµ (which cause
the problematic runaway solutions) Landau and Lifshitz proposed re-
placing every u˙µ in aµ with q
m
Fµνu
ν which results in [4]
aµ =
2q3
3m2
∂νF
µ
αu
νuα +
2q4
3m3
FµνFναu
α +
2q4
3m3
(Fαβu
β)(Fασuσ)u
µ.
(32)
This choice of aµ has many virtues, in particular it does not lead
to runaway solutions [5] and can be derived using perturbation theory
[6]. It is also equivalent to (31) up to leading terms [7]. For a fairly
recent experimental status of the Landau-Lifshitz proposal see [3].
7.2 Leading order terms
The Landau-Lifshitz proposal (32) contains terms of order 1/m2 and
1/m3. One way to recover the 1/m2 term is to augment the metric
(1) by a term of the same order. The only possibility, on dimensional
grounds, is to consider the following extension of (1)
gµν = ηµν + Sµν ,
Sµν = k
q2
m2
AµAν + k1
q3
2m2
∂(µAν) + k2
q3
m2
ηµν∂A+ k3
q2
m2
ηµνA
2, (33)
where k, k1, k2 and k3 are dimensionless (note that in cgs units
with c = 1 we have [q2] = gram · cm and [qAµ] = gram hence the
q3/m2 factor in the middle terms) and where ∂A = ηµν∂µAν and A
2 =
ηµνAµAν . Before analysing this special case let us first write equations
of motion for the general, symmetric tensor Sµν . The variation of the
action gives the following equations of motion
(ηµα + Sµα)u˙
µ =
(
1
2
∂αSµν − ∂νSµα
)
uµuν , (34)
where we set gµνu
µuν = const. These equations are of course geodesic
equations written is a non-standard way. Now, just as in Section 2, we
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can argue that on one hand it is possible to set gµνu
µuν = const., as
we just did, but on the other hand the resulting equations should be
equivalent to those in Minkowski space where we can set ηµνu
µuν = 1.
Therefore, the following consistency constraint should be set
Sµνu
µuν = const. =: D. (35)
This constraint is a proper generalization of (9). Let us also observe
that since we can choose ηµνu
µuν = 1 we should also have ηµνu
µu˙ν =
0. This imposes no further conditions since after contracting (34) with
uα we find that 0 = ηµνu
µu˙ν = −D˙/2 i.e. condition (35).
Let us now return to the metric (33). The corresponding equations
of motion are now(
ηµα +Bηµα +
k1q
3
2m2
∂(µAα)
)
u˙µ =
q
m
kκFανu
ν − kq
m
κ˙Aα −
k1q
3
2m2
∂µ∂νAαu
µuν +
1
2
∂αB − B˙uα (36)
and the constraint (35) can now be written as
kκ2 + k1ρ+B = D,
κ :=
q
m
Aµu
µ, ρ :=
q3
2m2
∂(µAν)u
µuν , B :=
1
m2
(k2q
3∂A+k3q
2A2),
(37)
whereD is a dimensionless constant. Let us now split the term ∂ν∂µAα
in (36) into gauge-invariant and gauge-dependent parts
∂µ∂νAα =
1
2
∂µFνα +
1
2
∂µ∂(νAα)
so the equations of motion split accordingly
u˙α =
q
m
kκFανu
ν − k1q
3
4m2
∂µFναu
µuν + hα,
hα := −
kq
m
κ˙Aα −
k1q
3
2m2
∂(µAα)u˙
µ − k1q
3
4m2
∂µ∂(νAα)u
µuν
+
1
2
∂αB − B˙uα −Bu˙α, (38)
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where hα is a collection of gauge dependent terms. Now, we observe
that
hαu
α = −1
2
d
dτ
(kκ2 + kρ+B)
(which also follows from the remark below (35)) therefore the condition
(35) follows from demanding that hα = 0, i.e. from requiring that
(almost - see below) all gauge-dependent terms in the equation of
motion disappear. Therefore instead of setting the constraint (35) we
will rather set hα = 0.
Equations of motion still contain the gauge-dependent factor κ in
front of the Lorentz force. However, up to terms of order 1/m2, this
factor is constant since
κ =
√
D − k1ρ−B =
√
D
k
− 1
2
√
Dk
(k1ρ+B) + . . . . (39)
If we now substitute expansion (39) to equations of motion in (38)
and keep only the terms up to order 1/m2, we find that
u˙α =
q
m
√
D
k
Fανu
ν − k1q
3
4m2
∂νFµαu
µuν + hα +O(m
−3). (40)
We see that in order to obtain the 1/m2 term of the Landau-Lifshitz
result (32) we need to set
D/k = 1, k1 = −
8
3
, hα = 0.
Therefore, we are able to derive the leading term of the radiation
reaction force from the equivalence principle. Note that up to the
dimensionless constant k1, we have arrived at the correct 1/m
2 ex-
pression using only gauge invariance (hα = 0) and compatibility with
the Lorentz force (D/k = 1).
To conclude this section, we have shown that not only the Lorentz
force, but also the leading terms of the radiation reaction force can be
derived from the geodesic equation for a suitably chosen metric. This
metric turns out to be a fairly simple extension of (1)
gµν = ηµν + k
q2
m2
AµAν −
8
6
q3
m2
∂(µAµ). (41)
The geodesic equation for the above metric results in the equation of
motion
u˙µ =
q
m
Fµνu
ν +
2q3
3m2
∂νF
µ
αu
νuα (42)
(as long as the condition hα = 0 is met), i.e. the Lorentz force aug-
mented by the leading term of the Landau-Lifshitz equation [4].
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7.3 Higher order terms
Clearly, one would like to find the metric for which all the terms of
the Landau-Lifshitz equation appear. However, the third term of the
equation is third-order in four velocities. This implies that in order
to recover these terms one needs to apply the non-standard uµ or u˙µ
dependent metric.
Non-standard metrics are completely acceptable in view of the
problem we are considering. The generalization of the Lorentz force
law given by the Landau-Lifshitz equation (32) is an attempt to in-
clude the influence of the particle’s motion on the field. For small
accelerations, the corrections are negligible, and one may use the
Lorentz-force; for large accelerations one has to take into account cor-
rections from the interaction between the particle and the field. One
may say that the particle affects the background field in a way that
is no longer negligible. Translating this into the gravitational field
picture, it simply implies that the metric we are looking for is affected
by the observer’s motion. If this is the case, then clearly the metric
may depend on the velocity and acceleration of the observer.
However, there is a caveat related to this reasoning: we are assum-
ing that the equivalence principle can be used (is valid) in situations
in which the background field is affected by the particle. This would
imply that gravitational self-force effects can be incorporated into the
geodesic equation by considering the metric gµν + hµν , where gµν is
the background field and hµν is an appropriate correction from the
gravitational self-force. This assertion, up to leading order, follows
from the MiSaTaQuWa equations of motion [8], therefore we conclude
that our approach to consider non-standard metrics is well-grounded;
however, this is out of the scope of the current paper.
8 Summary
It is commonly argued that the Lorentz force equation cannot be con-
sidered as a geodesic one due to the fact that it depends on the mass of
the particle. There is however a caveat in this argument; namely, we
can make the metric also depend on the mass. This, in fact, is a neces-
sity, considering that such a metric should depend on the dimensional
field Aµ.
If one wishes to obtain the equivalence between the geodesic and
Lorentz force trajectories, it seems logical to take advantage of some
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characteristic feature of the electromagnetic field. In our opinion, this
feature is Gauss’s law, the consequence of which is the screening of the
field inside a charged conducting body. This allows one to consider
a modification of Einstein’s elevator thought experiment in which the
elevator is charged. The observer inside the elevator cannot detect the
electromagnetic field and so the equivalence between the geodesics and
the Lorentz force trajectories follows.
We have derived the consistency condition (9) from the require-
ment that the geodesic equation for the metric (1) coincides with the
Lorentz force equation in Minkowski space. Such a condition can be
achieved by choosing a certain gauge on the trajectory. Therefore, we
must conclude that the equivalence principle, exploited in this way,
fixes the gauge of the electromagnetic potential (albeit marginally).
Working in this gauge and using the Aµ dependent metric (1) in the
Einstein-Hilbert action results in an action that for weak fields (in par-
ticular for regions far away from the sources) coincides with Maxwell
electrodynamics. We have therefore arrived at a certain correspon-
dence already at a classical level, i.e. for weak fields equations for the
electromagnetic field follow from Einstein’s equations. As expected,
for strong fields (in particular for small scales), the correspondence is
broken by a term that makes the theory non-renormalizable.
Extending our approach to radiating bodies is possible as we were
able to recover the leading terms of the radiation reaction. Recovery
of all the terms would require the use of non-standard metrics and is
beyond the scope of this paper.
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